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The assertion of the title is formulated and proved. The result is then used to construct 
graphs with a linear number of edges that, even after the deletion of ahnost all of their edges or 
ahnost all of their vertices, continue to contain all small trees. 

1. Introduction 

I f  H is an undirected graph, V(H) will denote its set of  vertices and E(H) will 
denote its set o f  edges. I f  Xc= V(H), Fn(X) will denote the set o f  neighbors in H 
of  vertices in X. I f  X is a set, ]X[ will denote its cardinality. 

"[he following theorem, which is implicit in a result of  Pdsa [5], has been given 
an elegant p roof  by Lov~sz ([3], Ch. 10. Problem 20). 

Theorem 0. I f  H is a non-eml)O; graph such that, for each X~=V(H) with IXl~n, 

[F , , (X) ' \XI  -~ 2 I X I -  1, 

then H contains a path with 3 n - 2  vertices. 

Using Theorem 0, Beck [2] proved an upper bound of the form O(n) for the 
minimum possible number of  cdges in graphs that, even after the deletion of  half 
their edges, coatinue to contain a path with n vertices; Alon and Chuaag [1] have 
given an explicit construction for such graphs. 

The main result of  this paper is the following theorem. 

Theorem 1. l f  H is a non-empty graph such that, for every X C= V (H) with IXI ~ 2 n -  2, 

Ir,~(X)[ --> ( d +  1)Ixl ,  

then H contains every tree with n rertices and maximum degree at most d. 

Since a path with n vertices is the unique tree with n vertices and maxinmna 
degree 2, Theorem 1 generalizes the essence of  q-heorem 0 from paths to trees. Using 
Theorem 1, the arguments of  Beck [2] and Alon and Chung [I], and a recent result 
of  Lubotzky, Phillips and Sarnak [4], we prove the following theorem. 
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Theorem 2. Let 5 > 0  and d be fixed. For eveo' n there is a graph F with O(n) edges 
that, even a[?er delelion o/ all but 6[E( F)I edges, continues to contain et'ery tree with n 
vertices and maximum degree at most d. 

For 5= 1/2, Beck [2] proved an upper bound, without an explicit construction, 
of  the form O(n(log n)~2). We shall also prove the following theorem. 

Theorem 3. Let g>0  and et be fixed. For et'eo, n there is a graph F with O(n) edges 
that, even aJ?er deletion qf all but elV ( F)I t'ertices, continues to contain erery tree with 
n t, ertices and maximum degree at most d. 

2. Proof of Theorem 1 

If T is a tree and H is a graph, a map f:  V(T)  ~ V(H) will be called all embe~kting 
of T in H if it is injective andf(r)  andf (w)  are adjacent in H whenevel t, and w are 
adjacent in T. A tree T will be called small if it has at most n vertices and maximum 
degree at mo~t d. ('[he parameters t7 and d will remain fixed throughout this proof.) 
A graph H will be called expanding if, for every XC= V(H) with IX[ ~ 2 n -  2, 

Our goal is to show that if T is small and t t  is non-empty and expanding, lhen there 
is an embedding of  T in H. To achieve this we shall define a class of  "good" embedd- 
ings. We shall then show that this class has the following two properties. 

ProperO~ 1. If T consists of  a single vertex and H is a non-empty expunding graph, 
then there is a good embedding of T in /4. 

ProperO: 2. If  Tis a small tree and S is a subtree of  T obtained by deleting a leaf and 
the edge incident with it, then any good embedding of  S in an expanding graph H 
can be extended to a good embedding of  T in H. 

When this has been done, it will follow by induction on IT[ that, i f T i s  a small 
tree and H is a non-empty expanding graph, then there is a good embedding of T 
in H. If  IV(T)I= 1, this follows from Property 1. If IV(T)I~2,  let S be any tree 
obtained from T by deleting a leaf and the edge incident with it. By inductive hypothe- 
sis, there is a good embedding of  S in H, and by Property 2, this can be extended to 
a good embedding of T in H. "[his completes the induction and the proof  of  
Theorem 1. 

To define good embeddings, we shall need some auxiliary definitions. Let f 
be an embedding of  a tree T in a graph H. If X ~  V(H), we shall define the assets 
Aj,(X)of X u n d e r / t o  be FH(X) \ f (V(T) ) t .  If  x~V(H),  we shall let J i (x )  denote 
the degree of  J'-l{x) in T if xCf(T),  and 0 otherwise. We shall let By(x) denote 
d - J r ( x  ). If X ~  V(H), we shall define the liabilities By(X) of  X under f to be 
z~x~ x By(x), and the balance C I( X ) of X u n d e r f t o  be A y( X ) -  B y( X). A set X ~ V ( H) 
will be called soh;ent u n d e r f i f  CI(X)>= O, critical u n d e r f i f  C I (X)=  0, and bankrupt 
u n d e r f i f  CI (X)<0 .  Finally, we arrive at the key definition. An embedding f of a 
tree T in  a graph H isgood if every Xc= V(H) with IXl_-<2n-2 is solvent. It remains 
to prove Properties 1 and 2. 
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To prove Property 1, suppose that T is a tree consisting of a single vertex and 
that H is a non-empty expanding graph. Since H is non-empty, there is an embedd- 
i n g f o f  T in  H. We shall show t h a t f i s  good. Suppose Xc=V(H) and IXl<=2n-2. 
Since H is expanding, 

I r . (x ) l  ~ (a+ l)lXl. 

Sincef(V(T)) consists of  a single vertex, 

A : ( x )  = l r , i ( x ) \ f ( v  (r))[ ~- dlXl, 

On the other hand, J:(x)= 0, so B:Cv)= d and 

zc:(x) = dlXl. 

"I-laus X is solvent, which completes the proof of Property 1. 

To prove Property 2, suppose that T is a small tree, that S is a subtree obtained 
fi'om T by deleting a leafy and the incident edge {~,, w}, and tha t f i s  a good embedd- 
ing of S in an expanding graph H. Let G denote the set of embeddings of T in H 
that are extensions of f .  Let Y=Fn({ f (w)} ) \ f (V(S)  ). "[he map g~+g(v) is clearly 
a bijection between G and Y. We must show that some g(G is good. 

Suppose, to obtain a contradiction, that no g(G is good. "lhen for every 
gCG, there is a set X.oc=V(H) with ].1~[~2n-2 and Xo bankrupt under g. On 
the other hand, s incef is  a good embedding, we have )(g solvent unde r f fo r  all g(G. 
Since g(V(T))=f(V(S))U {g(v)}, we have 

a, , (x)  = A: (X) - . f f g (v ) ,  r . ( x ) ) ,  

where l(z, Z) is 1 if z~Z and 0 otherwise. Since E(T)=E(S)U {{v, w}}, we have 

Bo(X ) = B:(X) - I ( f  (w), X ) -  I(g(v), X ). 
3-hus, 

C o (X) = C:(X) - l(g(v), Fu (X)) + l(f(w), X) + l(g(v), X). 

For each g(G we have C.(Xo) 0 and C~()~o)~0 so we must have C:(Xq)=0, 
l(g(t,), Fu(X) )=I ,  I(fO,,), X)=0  and l(g(v), X)=0.  qhu.  for every g(G, we 
have X:~ critical, g(v)(FH(Xo) , fOv)¢X o and g('v)~Xg. To proceed further, we 
shall need some lemmas. 

Lemma 1.1. I f  X c V ( H )  is critical under f and l X l ~ 2 n - 2 ,  then [ X l ~ n -  1. 

Proof. Since H is an expanding graph and IXt~-=2n-2, 

IV.(X)l ~ (d+l)lXl. 

Since T is a small tree and S is obtaii~ed by deleting a leaf, ]V(S) ]~n -  1, and thus 

A:(X) = I r , , ( z ) \ . f (u ( s ) ) l  ~ (d+ 1)[2"1-(,~-1). 
On the other hand, J:(x)>-O, so B:(x)-~d and 

B : ( x )  ~ dlXl. 

Since X is critical under f ,  Ay(X)=B:(X),  so I X l ~ n -  1. | 
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Lemma 1.2. The balance Cs(.  ) / s  submodular; that is 

cAxur)+c~(xnr)  ~ cs(x)+c~(r). 

Proof. Since By(X ) is defined by a sum over vertices in X, Bs( .  ) is modular; that is 

B s ( X U Y ) + B s ( X N Y  ) = Bs(X)+Bs(Y  ). 

Thus it suffices to show that As(.  ) is submodular; but this is an immediate conse- 
quence of the relations Fu(XUY)=FH(X)UFH(Y) and I 'n(XNY)C=Fn(X)A 
Nr.(Y). | 

Lemma 1.3. I f  X, Y%V(H) are critical under f and IX[, ] Y] ~ n - 1 ,  then X U Y  
is critical under fa tal  JXU Y[ ~ n -  I. 

Proof. Since f is a good embedding and I X U Y } , I X N Y I ~ 2 n - 2 ,  Cs(XUY),  
Cs(XN Y)->0. Since X and Y are critical under f ,  Cs(X), Cs(Y)--0. Thus Lemma 
1.2 implies Cs(XU Y)~0, whence Cs(XU Y)=0 and XU Y is critical. Lemma 1.1 
now implies I X U Y I ~ n - 1 .  | 

We now resume the proof of Property 2. For every gEG, X o is critical under 
f a n d  [X~l--<=2n-2; thus by Lemma 1.1, [Xgl~n-1.  We now claim that the set 

x*=UX~ 
g£G 

is critical under fand  that IX* l~n -  1. If [GI=0, this is trivial; if IG[~ 1, it follows 
by induction using Lemma 1.3. Now consider X ' =  X*U {f(w)}. Sincef is  good and 
lX'[:---n, X" is solvent under f .  Since g(z')EFn(Xg ) for every gEG, Y~FH(X*), 
which implies 

A s (X') = A s (X*). 

Since f(w) (~ X~ for every g~_ G, f(w) (~ X*, which implies 

B s (X') = S s (X *) + B s (f(w)). 

Since T is small, w has degree at most d in T and thus degree at most d -  1 in S, so 
Js(f(w))<-d-1 and Bs(J(w))~l.  Thus Bs(X')>Bs(X*), so Cs(X')<Cs(X~), 
Since X* is critical under J; X' is bankrupt under f .  This contradicts the fact that 
X'  is solvent under j'; completing the proof of  Property 2 and of Theorem 1. 

3. Proof of Theorem 2 

Let us say that a graph F with m vertices is (k, l)-spectral if 

(A) every vertex of F has degree k, so that the adjacency matrix of F (which, 
by abuse &notat ion,  we shall also denote by F), has an eigenvalue 20(F)=k corre- 
sponding to an eigenvector e that assigns the value 1 to every vertex of F; and 

(B) each of the other eigenva!ues 2j(F), 1 =<./~ m -  1, of F satisfies 12;(F)I~ l. 
Lubotzky, Phillips and Sarnak [4] have shown that if p and q are primes 

congruent to 1 modulo 4, with p a quadratic non-residue modulo q, then there is an 
explicitly construced graph F that 



EXPANDING GRAPHS 75 

(1) has m=q(q 2-1)/2 vertices; 
(2) is (k, 2 ( k -  l)a/2)-spectral, where k=p+ 1 ; and 
(3) has girth at least (2/3)logk_lm. 

If  F is a graph and XC= V(F), Or(X) will denote the set of edges of F having 
both ends in X, q~t,(X) will denote the set of edges of  F having at least one end in 
X, and 7iF(X) will denote the set of edges of F having exactly one end in X. We 
shall need the following lemma. 

Lemma 2.1. Ira graph F has m vertices and is (/c, l)-spectral, and if X C= V ( F), then 

[O~(X)I ~ klX[2/Zm+llX]/2. 

Proof. Define the function g on V(F) by g ( x ) = l - l X l / m  if x~X and g(x)=  
= -]Xl/m otherwise. Then 

1 
- Z ( g ( x ) - g O , ) y .  I ' t ' r ( S ) l  = 2 {~,r)<E(F) 

Expanding the sum yields 

]TJr(X)] = k  ~ g(x) 2-  Z g(x)gO') 
x ~  V (F) {x ,r}  ~ E (F) 

= k(g, g ) - ( g ,  Fg), 

where ( . , . )  denotes inner product. Since g is orthogonal to the eigenvector e, 
(g, Fg)<-l(g, g). Thus 17'p(X)l>-(kTl)(g, g)=(k-l)lXl(1-IXl/m). Since IOr(X)l = 
= (klXl-I'/*r(X)l)/2, [OF(XJl ~ klXl-/2m +/IXI(1 - [Xl/m)/2~ klXl2/2m+ l[Xl/2. | 

Let 6>0 ,  d and n be given. Assign p and q the smallest appropriate values 
for which the following conditions are satisfied. 

Condition 1. k ~  16(d+ 2)"/6 2. 

Condition 2. m~ 2(d+ 2)2(2n- 2)/6. 

I f  6 and d are fixed, then k = O ( I )  and, by the prime number theorem for 
arithmetic progressions, m=O(n). Thus F has km/2=O(n) edges. To complete 
the proof of Theorem 2, we shall show that, if D c= E(F) with IDI ~ akin~2, then the 
graph G with vertices V(G)=V(F) and edges E(G)=D contains an expanding 
graph. 

Let Wc=V(G) be a minimal non-empty set such that IOc(W)l>=aklWI/2 
(such a set exists, since I Oa (V(G))I ~ akIV (G)I/2). Let H be the graph with vertices 
V(H)= W and edges E(H)=Oa(W). We shall show that H is an expanding graph. 

First, we claim that if Xc=V(H), then [¢gn(X)I>=aklX[/2. This is clear if 
X = 0  or X=W. If  OcX<W,  then W \ X  is a proper non-empty subset of W, 
so by the minimality of  W, Io,(wNx)l=loc(w',,x)l<&lw\xt/2. Thus 
I4'H(X)[ = IOu (W)I -  IOn(W",.Z)I > akl W i/2-- 6k[ WN, XI/2 = 6klSl/2, and the claim 
is proved. 

Now suppose that XC= V(H) with I Xl-<- 2 n -  2. We shall show that IF n (X)[ => 
->- (d+ l)lXI. Suppose, to obtain a contradiction, that IF,(X)I<(d+I)IXI. Let 
Y=XUFn(X). Then IYl<(d-l-2)lXl~(d+2)(2n-2). By Lemma 2.1 (with 1= 
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= 2 ( k -  1)1/".--22k 1/') we have IOH(Y)I~IOF(Y)[~klYI"/2m+kZ/"IY]. By supposi- 
tion we have IO~i(Y)l~k(d+2)"-(2n-2)lXI/2m-1-U/2)lYI, and by Condition 2, 
IOn(Y)l~aklXI/4+/d/2[YI. Since qsH(X)C=OH(Y), by the claim we have IOH(Y)I => 
>=6klXJ/2. Thus k~/"-[Y[>-3klXI/4, so [YI~dk'/21X[/4. By Condition 1, k~/"->= 
~4(d-1-2)/& so I Y[>(d-1-2)IX[. This contradiction shows that H is an expanding 
graph and completes the proof  of  qheorem 2. 

4. Proof of  Theorem 3 

We shall need the following lemma. 

Lemma 3.1. l/'a simple graph F has m vertices and is (k, l)-spectral, and i/XC= V ( F), 
then 

I O~(X)I ~ klXl2/2m-(l+2) lXll2. 

ProoL Since F is a simple graph, so is its complement F, which has adjacency matrix 
J - l - F ,  where d is an mXm matrix with every entry equal to 1 and I is an mXm 
identity matrix. The graph F has eigenvalues 2 0 ( F ) = m -  1 - k  and t j ( F ) =  - I -  
-2~.(F), l - _ - / ~ m - l .  "lhus F is ( m - l - k , / +  D-spectral. Applying Lemma 2.1 
to IOr(X)l in the formula Iov(X)I = ]Xl(IXl- 1)/2-IOr(X)l completes the proof. | 

Let e>0 ,  d and n be given. Set 6=c'-'/2. Assign p and q the smallest appro- 
priate values for which Conditions 1 and 2 in the proof  o f ' Iheorem 2 are satisfied 
and for which m ~ k  3. 

It'e, and d are fixed, so is 5. "l-hus again k =  O(1) and m =  O(n), and the graph 
F h a s  km/2=O(n) edges. Furthermore, ml-_k 3 ensures that the girth of  Fexceeds 
2, so F is a simple graph. To complete the proof  of ]heorem 3, we shall show that, 
if  U{-=_I/(F) with [U]~_e.m, then IOF(U)l~(Skm/2, for then we may set D =  
=Or(U) and apply Theorem 2. 

Suppose, to obtain a contradiction, that UC= V(F) with [Ul--cm but IOv(U)[< 
<akin~2. Since 3=~2/2, ]Or(U)l<eekm/4~k[U]Z/4m. By Lemma 3.1 (with /-t-2= 
= 2 ( k -  l)'/~+ 2-~4k I/~) we have [Ov(U)l~k]Ul2/2m- 2k']~lU[. q hus 2kl/"-[U[> 
>k]Ul"/4m, so ]U[<8m/k '/~. By Condition 1, Id/Z~4(d+2)/3~8/e., so ISl<~m. 
This contradiction completes the proof  of  Theorem 3. 
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